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Abstract:
Under two different metric ansatz, the noncommutative geometry inspired black holes (NCBH)
in the framework of Rastall gravity are derived and analyzed. We consider the fluid-type matter
with the Gaussian-distribution smeared mass density. Taking a Schwarzschild-like metric ansatz, it
is shown that the noncommutative geometry inspired Schwarzschild black hole (NCSBH) in Rastall
gravity, unlike its counterpart in general relativity (GR), is not a regular black hole. It has at most
one event horizon. After undergoing a finite maximal temperature, the black hole will leave behind
a point-like massive remnant at zero temperature. Considering a more general metric ansatz and a
special equation of state of the matter, we also find a regular NCBH in Rastall gravity, which has
the similar geometric structure and temperature to that of NCSBH in GR.
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1 Introduction
General relativity (GR), which has many successful predictions, is the most popular theory of gravity.
The Einstein field equation can be derived via the variational principle from a total action (the
gravitational action plus the matter action). Due to the Bianchi identity, the covariant conservation
of the energy-momentum tensor, namely Tµν;µ = 0, is naturally satisfied. In GR and many other
theories of gravity, it is assumed that the geometry and the matter fields are coupled to each other
in a minimal way. It has been shown that when the geometry and the matter fields are coupled in
a non-minimal way, such as the direct curvature-matter coupling, the covariant conservation of the
energy-momentum tensor may be violated[1–9]. In fact, the covariant conservation of the energy-
momentum tensor is just an assumption and has not been generally tested by observation. Thus, by
relaxing the condition of covariant conservation of the energy-momentum tensor, Rastall proposed
a phenomenological gravitational model by considering Tµν;µ ∝ R;ν with R the Ricci scalar[10].
Rastall gravity has been employed to study the cosmological consequences[11–13]. Various exact
solutions of Rastall gravity have also been derived in [14–18].
In Rastall gravity, the energy-momentum tensor can also be derived from the Lagrangian of
matter fields, namely Tµν = −2 δLmδgµν + gµνLm. However, there is no the corresponding equation of
motion for the matter fields due to the lack of a total action for Rastall gravity. For fluid-type
matter, it is relatively simple to find the exact solution in Rastall gravity because in this case one
does not need to consider the equation of motion of the matter fields, but only the equation of state.
In this paper, we will consider this kind of matter.
By considering the noncommutativity of spacetime, Nicolini, et.al studied several kinds of non-
commutative geometry inspired black holes (NCBH) in GR[19–23]. Noncommutativity eliminates
point-like structures in favor of smeared objects. The conventional mass density of point-like source
can be replaced by a smeared, Gaussian distribution:
ρ =
M
(4piθ)3/2
exp
(
− r
2
4θ
)
, (1.1)
where θ is a constant with dimension of length squared and represents the noncommutativity of
spacetime. The effect of noncommutative geometry on gravity has been contained in the matter
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source. As stated in [19], “the noncommutativity is an intrinsic property of the manifold itself,
rather than a super-imposed geometrical structure”, so noncommutativity can also be considered in
other theories of gravity, besides GR. Due to different gravitational field equations, we expect that
the NCBH in modified gravities may have some different properties. For example, the currently
known NCBH in GR are all regular black holes because the singularity at the origin is usually
replaced by a de Sitter core. We want to know whether this is also true for other theories of gravity.
Among the numerous modified gravities, Rastall gravity has simpler field equations and thus can
be easily dealt with. In this paper, we will study the NCBH in Rastall gravity.
The plan of this paper is as follows: In Sec.2 we simply introduce the Rastall gravity. In Sec.3
We first present the spherically symmetric, static vacuum solution with point-like source in Rastall
gravity and then study the NCBH in Rastall gravity. In Sec.4 we summarize our results and discuss
the possible future directions.
2 Rastall gravity
The field equations for Rastall gravity read
Gµν + κλgµνR = κTµν , (2.1)
Tµν;µ = λR
;ν , (2.2)
where λ is the Rastall parameter and κ is the Rastall gravitational coupling constant. The corre-
sponding trace equation is given by
R =
κ
4κλ− 1T, (2.3)
where T = Tµµ is the trace of the energy-momentum tensor and R is the Ricci scalar. Employing
the trace equation, Eq.(2.1) and Eq.(2.2) can also be written into
Gµν = κ
(
Tµν − κλ
4κλ− 1gµνT
)
, (2.4)
Tµν;µ =
κλ
4κλ− 1T
;ν . (2.5)
When λ = 0, the traditional GR and the covariant conservation of the energy-momentum tensor
are both recovered with the parameter κ = 8piG.
To recover the Newtonian gravity in the weak-field approximation, the parameters in Rastall
gravity should satisfy the relation[10]:
κ(6κλ− 1)
4κλ− 1 = 8piG. (2.6)
Therefore, κλ = 1/4 and κλ = 1/6 are not allowed in principle.
Below we will consider a special case with κλ = 1/2 and correspondingly κ = 4piG. In this
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case, the gravitational field equation turns into
Rµν = 4piGTµν , or Gµν = 4piG
(
Tµν − 1
2
gµνT
)
, (2.7)
and Eq.(2.5) becomes
Tµν;µ =
1
2
T ;ν . (2.8)
In this paper, we will consider a fluid-type matter source with the energy-momentum tensor
Tµν satisfying:
Tµν = Diag (−ρ(r), pr(r), p⊥(r), p⊥(r)) , (2.9)
we try to find the static, spherically symmetric solution of Rastall gravity.
As a warmup, we first consider the gravitational field of a point-like source with mass M located
at the origin. The mass density is
ρ(r) = −T tt =
M
4pir2
δ(r). (2.10)
For the metric ansatz,
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2dΩ2, (2.11)
the nonzero components of Rµν are
Rtt = R
r
r = −
f ′′(r)
2
− f
′(r)
r
; (2.12)
Rθθ = R
φ
φ = −
rf ′(r) + f(r)− 1
r2
. (2.13)
According to Eq.(2.7), we can easily obtain the expression of f(r):
f(r) = C1 − C0 + 2MG
r
. (2.14)
If requiring the metric approaches to the Minkowski space at infinity, the integration constant C1
should be C1 = 1. Furthermore, if removing the source (namely M = 0), the vacuum solution must
be Minkowski one. Thus, the integration constant C0 should be zero. This is just the well-known
Schwarzschild solution outside the source, which is the solution in vacuum. This result is expectable.
Because Rastall gravity is equivalent to GR in the vacuum case.
3 Noncommutative geometry inspired black holes
Considering the noncommutativity of spacetime, the matter source can be diffused throughout a
region, instead of locating at a point. For the smeared matter distribution, the mass density is given
by Eq.(1.1),
ρ = −T tt =
M
(4piθ)3/2
exp
(
− r
2
4θ
)
. (3.1)
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Under the same metric ansatz, Eq.(2.11), we can easily obtain
f(r) = B1 − B0
r
− 2GM
r
√
pi
γ(1/2, r2/4θ), (3.2)
where γ(1/2, r2/4θ) is the lower incomplete gamma function with definition
γ(1/2, r2/4θ) =
∫ r2/4θ
0
dt t−1/2e−t. (3.3)
The same reason as that for the point-like source in the previous section, the two integration
constants should be B1 = 1 and B0 = 0. Thus, the metric function reads
f(r) = 1− 2GM
r
√
pi
γ(1/2, r2/4θ). (3.4)
This solution asymptotically approaches to the Schwarzschild solution due to γ(1/2, r2/4θ) → √pi
at infinity. This is the noncommutative geometry inspired Schwarzschild black hole (NCSBH) in
Rastall gravity.
Surprisingly, this solution is also obtained in a two-dimensional model of noncommutative
spacetime[24], where the linearized noncommutative version of the Einstein equation is considered.
However, there is a major difference between the two black hole solutions. In two-dimensional space-
time, the black hole solution (3.4) is regular everywhere, because the Ricci scalar R = − GM
3(
√
piθ3/2)
at the origin. We will show that in the four-dimensional case this solution is singular at the origin.
Expanding the metric function near r = 0, it is
f(r) = 1− 2GM√
piθ
+
GMr2
6
√
piθ3/2
+O(r4). (3.5)
Due to the redundant term 2GM√
piθ
, unlike the NCSBH in GR[19], there is no de Sitter core at a short
distance. Although the NCSBH in Rastall gravity is finite at the origin, it is not a regular black
hole. This can be easily found out according to the Ricci scalar, which is
R = −GMe
− r2
4θ
(
r2 − 4θ)√
piθ3/2r2
. (3.6)
Clearly, it diverges in the limit r → 0. In fact, for the solution Eq.(3.4), the tangential pressure
p⊥(r) is also divergent near the origin, which also reflects the singular behavior of the NCSBH at
the origin.
Another difference from the NCSBH in GR is that the NCSBH in Rastall gravity has at most
one event horizon. Fig.1 shows the structure of the metric function. When M/
√
θ <
√
pi/2, the
NCSBH has no event horizon and it has one event horizon when M/
√
θ >
√
pi/2. This property is
special. Schwarzschild black hole always has one horizon, rH = 2M , while the NCSBH in GR can
have at most two event horizons.
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Figure 1. f(r) as function of r. The curves from top to bottom correspond to the values of M/
√
θ =
0.5,
√
pi/2, 1.5 respectively. We set G = 1.
The temperature of the NCSBH in Rastall gravity is given by
TH =
f ′(rH)
4pi
=
1
4pirH
1− rHe− r2H4θ√
θγ(1/2, r2H/4θ)
 . (3.7)
As is depicted in Fig.2, for larger value of rH/
√
θ the temperature of the NCSBH in Rastall gravity
is nearly coincident with those of Schwarzschild black hole and the NCSBH in GR. For smaller
value of rH/
√
θ, the behavior of the temperature of the NCSBH in Rastall gravity is more similar
to that of the NCSBH in GR. However, the NCSBH in GR has a zero-temperature remnant with
radius about rH = 3
√
θ and the NCSBH in Rastall gravity will evaporate leaving behind a point-like
massive remnant.
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Figure 2. Behaviors of the Hawking temperature TH for three kinds of black holes. The solid (blue) curve
corresponds to the NCSBH in Rastall gravity. The dashed (black) curve is the temperature for Schwarzschild
black hole. And the dotted (red) curve depicts the temperature of NCSBH in GR.
Several comments are needed.
(1). The thermodynamic properties of the NCBH in GR have been studied extensively[25–
30]. Here we only discuss the temperature of the NCSBH in Rastall gravity because Hawking
radiation is a kinematic effect and the temperature can be derived by the metric only. Other
thermodynamic quantities, such as black hole entropy, ADM mass, depends on the Lagrangian of
the gravitational theories. Whereas, for Rastall gravity there is no corresponding Lagrangian. A
– 5 –
possible way to derive the black hole entropy only by the field equation is the method of horizon
thermodynamics[31], which has been used to study the thermodynamic properties of black hole and
cosmology in Rastall gravity[32, 33]. Many other applications of horizon thermodynamics in black
hole thermodynamics can be found in [34–39].
(2). If relaxing the requirement of asymptotic Minkowski space, one can set B1 = 1 +
2GM√
pi
√
θ
and B0 = 0 in Eq.(3.2). The NCBH obtained in this way is, in fact, a regular black hole. In this
case, the metric function is
f(r) = 1 +
2GM√
pi
√
θ
− 2GM
r
√
pi
γ(1/2, r2/4θ) = 1 +
GMr2
6
√
piθ3/2
+O(r4). (3.8)
Because M, θ are both positive, in short distance there is a anti-de Sitter (not de Sitter !) core.
The effective cosmological constant is Λeff = − GM2√piθ3/2 = −4piGρ(0). At the origin the Ricci scalar
is R = 4Λeff .
(3). For the metric ansatz, Eq.(2.11), the equation of state naturally satisfies ρ(r) = −pr(r)
due to Rtt = R
r
r. Thus, we have two independent equations with two unknown functions f(r) and
p⊥(r). There is no room to add other requirement for the equation of state. In fact, to obtain an
asymptotic Minkowskian, regular black hole, pr(r) and p⊥(r) should be asymptotically vanishing
at infinity and finite at the horizon and at the origin[23]. So, if considering a more general metric
ansatz, can we find a reasonable regular NCBH in Rastall gravity? Below we will do this work.
Now we take the more general metric ansatz:
ds2 = −eA(r)B(r)dt2 + dr
2
B(r)
+ r2dΩ2. (3.9)
Using the field equation of Rastall gravity, Eq.(2.7), we have
Gtt =
rB′ +B − 1
r2
= 4piG
(
−ρ− 1
2
T
)
, (3.10)
Grr =
2rBA′ + rB′ +B − 1
r2
= 4piG
(
pr − 1
2
T
)
, (3.11)
Gθθ = G
φ
φ =
(3rA′ + 2)B′ + 2B
(
rA′′ + rA′2 +A′
)
+ rB′′
2r
= 4piG
(
p⊥ − 1
2
T
)
, (3.12)
where T = 2p⊥ + pr − ρ is the trace of the energy-momentum tensor. According to Eq.(2.8), one
can obtain another equation
B
[
r
(
2ρA′ + p′r − 2p′⊥ + ρ′
)
+ 2pr
(
rA′ + 2
)− 4p⊥]+ rB′(pr + ρ) = 0. (3.13)
It should be noted that Eq.(3.13) can also be obtained from the field equations by eliminating
the A′′(r) and B′′(r). Therefore, we have three independent equations, but with four unknown
functions: A(r), B(r), pr(r), p⊥(r). To solve these equations, we have to add an extra requirement
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on equation of state of the matter. For simplicity, we assume
T = 2ρ, namely, 2p⊥ + pr = 3ρ. (3.14)
In this case, Eq.(3.10) is just the (tt) component of Einstein field equations, from which we can
derive the metric function B(r)
B(r) = 1− 4GMγ(3/2, r
2/4θ)
r
√
pi
, (3.15)
where γ(3/2, r2/4θ) is the lower incomplete gamma function with definition
γ(3/2, r2/4θ) =
∫ r2/4θ
0
dt t1/2e−t. (3.16)
Clearly, The solution in Eq.(3.15) is just the NCSBH in GR[19]. However, in our metric ansatz
there is an extra eA(r). Except for eA(r) = 1, our black hole solution is different from the NCSBH
in GR.
Combining Eqs.(3.10),(3.11) and (3.13), we can obtain a first-order differential equation on
pr(r),
2rB
(
p′r − ρ′
)
+ (5B + 1)pr + (1− 7B)ρ+ 4piGr2p2r − 4piGr2ρ2 = 0. (3.17)
This equation can be numerically solved subject to appropriate boundary conditions, which are
pr(0) = finite and pr(∞) = 0. In Fig.3, we show the behaviors of the radial pressure pr(r) for G = 1
and different values of M and θ. It is shown that pr is asymptotically flat near the origin and in
large distance. pr is positive for small r. It becomes negative at some point and tends to zero at
infinity.
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0.002
0.003
0.004
0.005
pr
Figure 3. pr as function of r. The solid (blue) and dashed (red) curves correspond to the cases with
M = 0.2, θ = 0.1 and M = 0.1, θ = 0.1, respectively.
The behavior of p⊥(r) is similar to that of pr(r) except that its value is always positive. Thus,
ρ+ p⊥ is always positive. Due to Eq.(3.14), ρ+ pr + 2p⊥ = 4ρ is also always positive. However, as
is shown in Fig.4, ρ+ pr is negative when r is larger than some value r = r0. Therefore, the weak
and strong energy conditions are both violated when r > r0. They are fulfilled only in the region
r < r0.
– 7 –
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Figure 4. ρ+ pr as function of r with M = 0.1, θ = 0.1.
The behavior of the function eA(r) has been shown in Fig.5. It can be seen that A(r) approaches
to zero at infinity, thus eA(r) tends to one. This assures that the black hole solution is asymptotically
Minkowskian. At the origin A(r) has a finite, negative value. These behaviors of A(r) are insensitive
to the values of M, θ. The temperature of this NCBH is
TH =
1
4pirH
eA(rH)
[
1− r
3
H
4θ3/2
e−r
2
H/4θ
γ(3/2; r2H/4θ)
]
, (3.18)
which has an extra factor eA(rH) compared to the temperature of NCSBH in GR. In fact, the effect of
eA(rH) on the temperature can be negligible at larger r due to the behavior of eA(r) depicted in Fig.5.
For very small r, it seems that the factor eA(rH) will lower the value of the temperature. However,
for smaller r, the temperature of the NSBH becomes negative and thus is physically unacceptable.
0 1 2 3 4 5
0.85
0.90
0.95
1.00
r
e
A
(r)
Figure 5. eA(r) as function of r with M = 0.1, θ = 0.1.
4 Conclusion and Discussion
In this paper we studied the noncommutative geometry inspired black hole solutions in Rastall
gravity. For comparison, we first solve the static, spherically symmetric solution in Rastall gravity
with the point-like source. As is shown in Eq.(2.14), there are two integration constant C1 and C0
in the metric function. If requiring the spacetime is asymptotically Minkowskian, we also found
Schwarzschild solution in Rastall gravity.
– 8 –
Next, we considered the influences of the noncommutativity of spacetime and introduced the
Gaussian-distribution smeared source. Considering the special metric ansatz: g00 = g
−1
11 , we ob-
tained the NCSBH in Rastall gravity. As is well-known, NCSBH in GR is a kind of regular black
hole. The singularity at the origin is replaced by a de Sitter core, which leads to finite curvature
invariants at the origin. Analogous to its counterpart in GR, the NCSBH in Rastall gravity also
approaches to the Schwarzschild black hole at infinity. But unlike the NCSBH in GR, it does not
tends to the de Sitter space near the origin. The absence of the de Sitter core in short distance
makes the NCSBH in Rastall gravity not be a regular black hole. Clearly, although the noncommu-
tativity must lead to the avoidance of curvature singularity of black holes in GR, it is not true for
the modified gravities.
For different values of M/
√
θ, the NCSBH in Rastall gravity can have zero or one event horizon.
So its geometric structure is different from those of the Schwarzschild black hole and the NCSBH in
GR. We also analyzed the temperature of the black hole. We found that it has the similar behavior
to that of NCSBH in GR for large rH . However, the NCSBH in Rastall gravity will leave behind
a point-like massive remnant as the temperature tends to zero, while the NCSBH in GR has a
zero-temperature remnant with finite radius at last.
By considering a more general metric ansatz with g00 6= g−111 , we found another NCBH in Rastall
gravity, which is indeed a regular black hole. Although there is an extra factor eA(r) in the metric,
the geometric structure and thermodynamic behavior are similar to that of NCSBH in GR, because
the value of eA(r) is close to one on a large scale. However, the radial pressure and tangential
pressure are different from those of NCSBH in GR due to the special equation of state of the matter
we assumed.
In this work we only considered the special case with the Rastall parameter satisfying κλ = 1/2.
It is also of great interest to extend our current study to other choices of the Rastall parameter.
To further understand NCBHs, one can even bring in the noncommutativity in other modified
gravities. The Gaussian-distribution smeared source we used, is just one possible matter source. In
fact, considering the noncommutativity of spcetime, there are several other possible choices[40, 41].
Even without considering the noncommutativity, but only a kind of special stress-energy tensor,
one can also construct nonsingular black holes in GR[42]. With these matter sources, one can also
study black holes in modified gravities. All these will be left as further possible directions.
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